
3566 Macromolecules 1994,27, 35663574 
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ABSTRACT A molecular dynamics simulation of bulk atactic polystyrene was performed. A united atom 
model and an all atom model were developed, in both of which the bond lengths were held fixed and the phenyl 
group was represented by a rigid, planar hexagon. The degree of success of the simulation was examined 
by comparing the calculated X-ray scattering intensity curve with experiment. The united atom model 
reproduces the so-called "polymerization peak", and the calculated curve agrees well with one of the moat 
recently published experimental data. The degree of agreement achieved is in fact comparable to the degree 
to which two published experimental curves agree with each other. The agreement in the radial distribution 
function between the calculated and experimentally derived one is good in the r range smaller than 9 A but 
deteriorates somewhat for larger r. There are again uncertainties in the experimental radial distribution 
function itself at large distances, however, as can be seen by comparing experimental curves obtained by two 
different groups. In contrast to the united atom model, the all atom model was found to give a result which 
clearly disagrees with experimental results, and one of the commercially available software gave an even worse 
result. The nature of smearing that accrues in the experimentally determined radial distribution function, 
as a consequence of the differing q dependencies of C and H atomic scattering factors and the limited q range 
accessible to experiment, has been examined by calculating the radial distribution function directly from the 
simulation result. 

Introduction 

Understanding the structure of amorphous polymers is 
a challenging task. Traditionally one of the principal 
techniques employed for this purpose has been the X-ray 
diffraction method. Structural information is obtained 
either by studying the radial distribution function derived 
from the intensity data or by comparing the scattering 
curves with theoretical ones calculated from model 
structures. Recently's2 the technique of computer simula- 
tion has emerged as a powerful new technique for studying 
static and dynamic propertim of bulk amorphous polymers. 
Analysis of the atomic coordinates obtained from the 
simulation can potentially allow evaluation of the short- 
range structure in much greater detail than any experi- 
mental methods can. The usefulness of this approach 
depends critically on the success of the model to simulate 
the real polymer faithfully. We have now applied the 
molecular dynamics simulation technique3 to model a 
glassy atactic polystyrene of realistic bulk density. In this 
paper we examined the degree of our success by comparing 
the calculated results with those obtained from experi- 
mental X-ray diffraction studies. The results of analysis 
of the structure itself will be presented in a later publica- 
tion. 

Atactic polystyrene is probably the most widely studied 
among all amorphous polymers. In addition to the large 
number of experimental data available, molecular model- 
ing techniques have also been applied recently415 to the 
study of this polymer. Yet many questions still remain 
about the way the atoms, segments, and chains are packed 
into a dense, glassy structure. X-ray diffraction study of 
polystyrene was made as early as 1927 by Katz6 and since 
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then a succession of workers7-17 have repeatedly applied 
the technique to this polymer. One of the features that 
have attracted a particular interest is the presence of the 
so-called "polymerization peak" (or "polymerization ring")67 
in the diffraction pattern a t  q (=47r sin 6/X) equal to about 
0.75 A-l in addition to the main amorphous "halo" at q = 
1.3 A-l. Theoretical curves12J6 based on models of an 
isolated, disordered chain have all failed to reproduce this 
polymerization ring. This is consistent with the generally 
held belief that the polymerization ring arises from an 
intermolecular interference effect. Clearly, an under- 
standing of the polymerization ring would require a model 
that accounts not only for the conformational character- 
istics of individual chains but also the interactions between 
nonbonded atoms and segments. The molecular dynamics 
simulation technique is well suited for this purpose. 

In this work we pay attention to producing a program 
that is computationally efficient. A good efficiency is 
particularly important for polystyrene, which has a 
relatively high Tg and consequently a slow relaxation rate. 
For this purpose we adopt the united atom approximation, 
in which the hydrogen atoms are combined to the carbon 
atoms to which they are attached. This reduces the 
number density of atoms to a half and the average number 
of neighbor pairs within a given distance to a quarter. 
Since 70-80 9% of computational time is spent in calculating 
the nonbonded neighbor interactions, the resulting overall 
gain in computation speed is by at least a factor of 3. Such 
an increased efficiency is useful of course only if the united 
approximation does not introduce any undesirable effects 
into the model. To check the possibility of such artifacts 
that might arise from the approximation, we have also 
developed a program based on an all atom model. To our 
surprise, the all atom model produces results that agree 
less well with experiment than the united atom model 
does, as will be described below. As another means of 
increasing the efficiency, we have chosen to have the 
carbon-carbon bonds constrained to fixed lengths instead 
of undergoing springlike vibrations. Eliminating the bond 
length stretching, which is normally the fastest among 
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Table 1. Force Field Parameters for the United Atom 
Model 

1. Nonbonded Interaction 
e = ( c l c ~ ) ~ ~ ~ ;  v n b  = c[(rdr)12 - 2(0/r)~I; 

e l  = 0.12 kcal/mol rl = 4.321 A for CH2 
€1 = 0.09 kcal/mol 
€1 = 0.12 kcal/mol 
cutoff distance: 7.65 A 

1.53 A for aliphatic CH&H 
1.51 A for CH(aliph)-C(arom) 
1.40 A between two aromatic C atoms 
(1.10 A for C-H, used for the calculation of X-ray and 

ro = (r l+  rz)/2 

rl = 4.153 A 
r1 = 4.153 A 

for diphatic CH 
for aromatic C and CH 

2. Bond Length 

neutron-scattering intensities) 
3. Bond Angle 

Ve = ke(0 - 00)z 
k6 = 60 kcal/mol 
ke = 63 kcal/mol 
k. = 60 kcal/mol 

ke = 70 kcal/mol 

00 = 109.5' for aliphatic CHdH-CHz 
00 = 109.5O for aliphatic CH-CH&H 

00 = 109.5O for CHz(aliph)- CH(aliph)-C(arom) 

00 = 120.0' for CH(aliph)C(arom)-CH(arom) 
4. Torsion for X-CH(aliph)-CHs(aliph)-X 

V, = k + ( l -  COS 34) 
k, = 1.4 kcal/mol 

5. Phenyl Ring Torsion around CH(aliph)-C(arom) 
V, k, C O S ~ ( X  - xo) 
k, = 2 kcal/mol xo = 90° 

6. Phenyl Ring (Out-of-Plane) Bending 
V, = k+q2 
k, = 80 kcal/mol 

7. Improper Torsion 
(To Maintain the Stereochemical Configuration of Aliphatic CH) 

k, = 50 kcal/mol (for the definition of w ,  see text) 
v, = k&J2 
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modes of motions in the system, allows the use of a larger 
time step in the integration of the equations of motion. 
According to a study by van Gunsteren and Karplus,ls the 
use of fixed bond lengths does not influence the dynamics 
on a time scale longer than 0.05 ps, in contrast to fixed 
bond angles that modify the dynamics significantly. We 
further constrain the six carbon atoms in the phenyl group 
to remain in a planar hexagonal configuration by using 
the algorithm suggested by Ciccotti et al.19*20 Such a 
constrained geometry algorithm was used for a molecular 
dynamics (MD) simulation of liquid benzene21 that gave 
a local structure in good agreement with experimental data. 

Models and Computational Method 
The model consists of a single polystyrene molecule 

having 80 monomer units and its images generated by the 
periodic boundary conditions. The cubic MD cell therefore 
contains 640 carbon atoms in the case of the united atom 
model and 640 carbon and 640 hydrogen atoms in the case 
of the all atom model. The size of the cell was adjusted 
to have the density match the experimental one; for 
example, the density of 1.028 g/cm3 is attained by having 
a cell of edge length equal to 2.38 nm. The stereochemical 
sequence of the styrene units along the chain was generated 
according to the Bernoulli statistics with the expectation 
value of meso dyads equal to 0.40, the value found with 
experimental atactic polystyrene.22 

The force field parameters employed are listed in Tables 
1 and 2. The parameters for the united atom model were 
mostly taken from the united atom AMBER force field 
published by Weiner et aLZ3 The parameters for the all 
atom model were taken similarly from the all atom 
AMBER force field published by Weiner et al.24 No 
electrostatic or ?r-electron interactions were included. For 
the torsion along the C-C bonds in the chain backbone we 

'6 
Figure 1. Numbering of carbon atoms in the styrene unit. 

Table 2. Force-Field Parameters for the All Atom Model 

Vnb = c[(r0/r)12 - 2(rdrPI; e = ( c ~ e z ) ~ * ~ ;  
e l =  0.06 kcal/mol rl = 3.60 A for aliphatic C 
e l =  0.12 kcal/mol r1 = 3.70 A for aromatic C 
e1 = 0.01 kcal/mol rl = 3.08 A for H 
cutoff distance 7.65 A 

2. Bond Length 
1.526 A for aliphatic C-C 
1.510 A for C(aliph)-C(arom) 
1.400 A between two aromatic C atoms 
1.09OA for C-H 

V .  = ke(O - e0)2 
k. = 40 kcal/mol 
ke = 35 kcaVmo1 
ke = 36 kcal/mol 
kb = 63 kcal/mol 
kb = 35 kcaVmol 
kb = 70 kcal/mol 

1. Nonbonded Interaction 
ro = (rl+ rz)/2 

3. Bond Angle 

00 = 109.5' for aliphatic C-C-C 
00 = 109.6" for aliphatic C-C-H 
00 = 109.5O for aliphatic H-C-H 
00 = 114.0' for C(aliph)-C(aliph)C(arom) 
00 = 109.5O for H-C(aliph)-C(arom) 
00 = 120.0' for C(aliph)-C(arom)-C(arom) 

4. Torsion 
v, = k,(l -cos 34) 
k, = 1.3 kcal/mol 

5. Phenyl Ring (Out-of-Plane) Bending 
V* k$+' 
k,= 80 kcal/mol 

applied a 3-fold intrinsic potential, allowing the difference 
between the trans and gauche states to develop through 
the further, nonbonded interactions operating between 
atoms three or more bonds apart. 
As has been discussed by Flory and co-workers~~27 and 

by Tonelli,2s the torsional rotation of the phenyl group 
around the Cz-C3 bond joining the phenyl group to the 
backbone (see Figure 1 for numbering of atoms) is severely 
restricted as a result of steric hindrances between the ortho 
CH on the phenyl group and the aliphatic hydrogens. In 
the absence of hydrogens in the united atom model the 
corresponding steric hindrances are greatly reduced, and 
therefore to simulate the restricted rotation an additional 
2-fold torsional potential was imposed on the rotation 
around the C&3 bond, as indicated in Table 1. 

In the united atom model, if the sp3 stereochemical 
configuration of the bonds around CZ is to be maintained, 
we must prevent the collapse of the four carbons, C1, C3, 
CI', and CZ, on to a plane. To accomplish this, many 
different ad hoc potentials, often referred to as improper 
torsions, are introduced. We have chosen an harmonic 
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large to ensure that none of the atoms on this chain would 
overlap with any of the images generated by the periodic 
boundary conditions. The MD program was then run to 
allow the chain to relax, and at the same time the size of 
the MD cell was gradually reduced to the final desired 
value. During the initial phase of this relaxation process, 
the nonbonded interaction force employed was greatly 
weakened to reduce the chance of violent repulsion 
occurring between atoms that happen to come too close 
to each other. Preparing the starting configuration in this 
manner is a fairly simple, straightforward operation, which 
is also efficient and consumes only a small fraction of the 
total cpu time required in the study. 

The Newtonian equation of motion was integrated by 
use of the Verlet algorithm27 at  a time step of 10 fs in the 
united atom model program. It was confirmed that the 
total momentum of the system was strictly conserved, so 
that the center of mass of the molecule did not move during 
the simulation. The fairly large time step chosen, together 
with the random fluctuation associated with the constraint 
forces, produced moderate fluctuations in the total energy. 
The extent of the fluctuation, measured during micro- 
canonical runs, amounted to about 10 % of the fluctuations 
in kinetic energy. Such fluctuations are expected to 
introduce a negligible effect to the static properties that 
are being considered in this work. This was also confirmed 
by a comparison with results obtained with a reduced time 
step (5 fs). In the all atom model program a time step of 
2.5 fs was used. The need for this reduced time step arose 
essentially because of the reduced stability of the SHAKE 
routine when applied to the displacements of fast-moving 
aliphatic hydrogen atoms. Ona Cray Y-MP an integration 
step took about 0.09 and 0.22 s in the united atom and all 
atom models, respectively. Thus for a run of l-ps duration 
in real time9 and88 s of cpu time are required, respectively. 
Inclusion of hydrogens is thus seen to increase the 
computation time by an order of magnitude. They are to 
be compared also with the 1.2 s that is required for a l-ps 
run with our polyethylene model having 500 united CHZ 

While the programs were tested in the 
microcanonical ensemble, the production runs were per- 
formed at constant temperature, using the particle veloci- 
ties rescaling scheme of Berendsen et a1.N 

Results and Discussion 
To examine the degree to which our model has succeeded 

in simulating the real amorphous polystyrene, we calculate 
the X-ray scattering intensity curves from the simulation 
result and compare them with experimental data. When 
the united atom model was used for simulation, the 
hydrogen atoms were added, before the X-ray scattering 
patterns were calculated, in the appropriate positions 
relative to those of the carbon atoms obtained in the 
simulation. 

To extract information on the structure of the material 
from the X-ray scattering pattern, it is more useful to 
evaluate the so-called reduced intensity function (or 
interference function) defined by 

potential that forces the unit normal to the plane (CI, CZ, 
(21') to oscillate around its equilibrium position. This 
equilibrium position forms an angle of 35.04' with the 
direction which would have pointed toward the H atom 
bonded to C2 if the latter were explicitly simulated. In 
the all atom model, the new bending interactions intro- 
duced by the H atom bonded to C2 perform the same 
function and no ad hoc improper torsion potential is 
required. 

The SHAKE algorithmz8 was used to constrain the 
covalent bonds to fixed lengths, as remarked in the 
Introduction. The motion of the phenyl group, repre- 
sented as a planar, rigid collection of six carbons (and six 
hydrogens), was simulated by means of the algorithm 
described by Cicccotti et al.19920 The position and orienta- 
tion of the phenyl groupare then fully described when the 
positions r3, r4, and r 5  of the three C atoms forming an 
equilateral triangle (see Figure 1) are known. The 
remaining three carbon atoms are then given in terms of 
r3, r4, and r5 by 

ri = 2/3(r3 + r4 + r5) - ri3 (i = 6, 7,8) (1) 

In the united atom model, the forces acting on atoms 6, 
7, and 8 are transmitted to atoms 3,4, and 5 by virtue of 
the constraints expressed by eq 1, and the effective 
equations of motion for the latter three atoms become 

(m, + m,) d2r31dt2 = F3 + G3 (2) 

2m, dzr41dt2 = F4 + G, (3) 

2m, d2rddt2 = F5 + G, (4) 

where mo is the mass of a carbon atom, ml is the combined 
mass of a carbon and a hydrogen atom, Fa, F4 and F5 are 
the effective forces acting on atoms 3,4, and 5, respectively, 
and G3, G4, and G5 are the constraint forces required to 
keep the bond length between atoms 2 and 3 and the 
distances among atoms 3,4, and 5 constant. The effective 
forces F3, F4, and F5 are given by 

Fi = fi - fi+3 + 'I3(fG + f7 + f,) (i = 3,4, 5) (5) 

where fi (i = 3-8) are the actual forces acting on the 
respective atoms. The constraint forces G3, G4, and G5 
contain terms consisting of a product of a Lagrangian 
multiplier and the distance between a pair of atoms (among 
atoms 2-5) that is held fixed. In solving eqs 2-4, the effect 
of these constraint forces is taken account of by means of 
the SHAKE algorithm.28 

In the case of the all atom model, eqs 2-4 still describe 
the motions of the carbon atoms Cs, Cr, and Cg, but the 
forces acting on the hydrogen atoms, in addition to those 
acting on CS, C7, and C8, are now indirectly transmitted 
to and influence the motions of these three base atoms. 
We do not describe the full detaila of the implementation 
of the Ciwotti-FerrarkRyckaert algorithm to the all atom 
model but instead give a brief remark in the Appendix to 
point out a few salient points. 

The starting configurations of the polystyrene chain 
packed to the basic MD cell in a realistic density were 
generated as follows. First, we produced a chain having 
80 styrene monomeric units with its backbone carbons all 
in trans conformations. This stretched-out chain was 
placed in a cubic MD cell whose size was made sufficiently 

where I,h(q) is the coherently scattered intensity obtained 
after corrections have been made to the raw intensity data 
for background, absorption, multiple scattering, incoherent 
scattering, etc., k is a normalization constant needed to 
place the intensity on an absolute scale (in electron units 
per atom), xi is the atomic fraction of species i, and fi(q) 
is its atomic scattering factor. Subtracting the weighted 
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sum of fi2(q) eliminates contributions to I (q )  by the atoms 
scattering independently of each other. For the purpose 
of deriving the atomic radial distribution function by 
Fourier transformation of the intensity function, I (q )  is 
further modified to give the sharpened reduced intensity 
function i (q)  defined by 

(7) 

From the knowledge of atomic coordinates the X-ray 
intensity, for isotropic materials, can be calculated by 

where N is the total number of atoms in the system, rmn 

is the distance between atoms rn and n, and the summations 
run over all the atoms in the system, except for the terms 
with m = n. Since only two species of atoms, C and H, 
are present in our system, eq (9) can be rewrittenssa in 
terms of the pair distribution functionsgcc(r),g"(r), and 
gCH(r) as follows: 

where ( p )  is the average (number) density of all atoms in 
the system, and nc and XH are the atomic fractions. The 
pair distribution function gij(r) is given by 

gij(r) = Pij(r)/(Pj) (10) 

where Pij(r) is the density of atom j at a distance r from 
an atom i, and (pi) is the average density of atom j .  In 
our simulation the bond lengths were all kept fixed, 
whereas in reality the bond lengths fluctuate around their 
equilibrium lengths. To allow for the broadening of the 
pair distribution functions due to such bond length 
fluctuations, gcc(r), gm(r), and gCH(r) evaluated from the 
atomic coordinates were first convoluted with a Gaussian 
function (with u equal to 0.04 A) before they were used in 
eq 9. The upper limit of the integration in (9) was set to 
18 A. 

For the purpose of calculating the X-ray intensity curves, 
the MD program was run from three separate, well- 
equilibrated, starting configurations. The tacticity se- 
quences of the chain in configurations A and B were 
identical, but the latter was derived from the former by 
running the MD program through a series of temperature- 
volume states that included a state of very low density, 
thus permitting a complete refolding of the chain into a 
new, dense state. Configuration C was made with a chain 
having a different tacticity sequence generated by an 
idependent Bernoulli run. Starting from these three 
different configurations (each of which were well equili- 
brated beforehand), the united atom model MD program 
was run for 500 ps at constant temperature and volume. 
To allow as much chain motions as possible to take place, 
the run was made not at room temperature but at 500 K, 
which is well above the experimental Tg - 100 "C. The 
density of the system was, however, kept at 1.028 g/cm3, 
close to the experimental room-temperature density. 
Some preliminary study showed that the static properties 
were mostly sensitive to the choice of density rather than 
temperature. During the MD runs, atomic configurations 
were recorded at every picosecond, and the X-ray intensity 
curve was evaluated as an average over the 500 configura- 
tions thus recorded. 
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I ' " " " " " I  

q ( A ' )  
Figure 2. Plots of qZ(q) against q (=4r sin WX), where Z(q) is 
the reduced intensity function defined by eq 6. The thick, broken 
curves give the results calculated from trajectories of 600-pa runs 
made with a unit atom model, starting from configuration A, B, 
or C, respectively. The thin solid curve is the observed data 
published by Mitchell and Windle.'B 

Figure 2 shows the X-ray intensity curves qI(q) calcu- 
lated with runs starting from the three starting configura- 
tions A, B, and C. To compare with experimental results, 
the data published by Mitchell and Windle16 are super- 
posed as thin solid lines. The Mitchell-Windle data are 
the most recent, and presumably the most accurate, of the 
several intensity data that were published in the past. 
(Since the data were taken from the published plot by 
scanning and digitization, some minor errors may have 
crept in in the process. Note also that the ordinate scale, 
unspecified in the original data, had to be arbitrarily 
adjusted to match our results.) It is seen that the 
polymerization peak at q = 0.75 A-I is clearly reproduced 
with all three runs. The overall shape of the ql(q) curves 
and the positions of all the peaks match well with those 
on the experimental curve, although some minor discreg 
ancies in the intensity of the peaks and valleys are seen 
throughout. Whether one could expect an agreement 
much better than this, however, can be debated in view 
of the fact that experimental data themselves contain 
errors. The various corrections (especially for the inco- 
herent scattering) that have to be applied to raw data to 
obtainI(q) are known to be notoriously difficult. In Figure 
3 the Mitchell-Windle data are compared with another 
curve published by Adams et alex2 (which is in turn based 
on the earlier data by Wecker et al."). Aside from the 
obvious slight mismatch in the q scale, one can also see 
discrepancies in the intensity to a degree that is comparable 
to the discrepancies seen in Figure 2. The mismatch in 
the shape of the polymerization peak is more pronounced, 
and this may in part reflect the fact that the polymerization 
peak is more sensitive to the temperature and to the 
thermal history of the sample.37 It appears in any case 
that even if there might remain a need to improve our 
model further, the success of such attempts can no longer 
be judged on the basis of comparison with experimental 
X-ray intensity curves alone. 

The radial distribution function can be obtained from 
the sharpened reduced intensity function i (q)  defined by 
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Figure 3. qZ(q) data published by Mitchell and Windle'e 
compared with similar data by Adams et alela which are based 
on measurement performed by Wecker et al." 

eq 7 by Fourier transformation: 

4ar2Ap(r) = (2r/a)Kqi(q) sin(qr) dr (11) 

where Ap(r) = p( r )  - PO is the deviation from the average 
poin the atomic density p(r)  at a distance r froman arbitrary 
atom. The radial distribution function p(r)  obtained by 
eq 11 is a weighted and smeared averagel6~36 of the 
individual atomic pair distribution functions pcc(r), PHH- 
(r), and pCH(r), because there are two types of atoms, C 
and H, present in the system and also because the q 
dependency of the atomic scattering factor for C is different 
from that for H. The individual, unsmeared, pair dis- 
tribution functions can be readily evaluated directly from 
the MD results, as will be described later. At this point, 
however, we calculate the X-ray-smeared radial distribu- 
tion function p(r ) ,  for the purpose of comparing with 
experimental radial distribution functions, by following a 
procedure exactly the same as is used in the analysis of 
experimental data. In eq 11 the upper integration limit 
extends to infinity, whereas an experimental i(q) is 
available only up to an upper limit qmcu dictated by 
experimental conditions. Such a truncation of integration 
beyond q- is known to introduce spurious subsidiary 
oscillations in the derived radiation distribution function. 
To minimize the truncation error it is customary to 
multiply the i(q) by a smoothing function M(q) before the 
integration: 

4nr2Ap(r) = (2r /s)cqi(q)  M(q) sin(qr) dr (12) 

An example of the smoothing function M(q), employed by 
Schubach et al." in their study of polystyrene radial 
distribution function, is given by 

Figure 4 gives the results of applying eq 12 to the intensity 
functions shown in Figure 2. The thin solid lines give the 
most recent experimental result, the one obtained by 
Schubach et al. (Not sufficient information is available 
in their paper" to allow conversion of their ordinate scale 
to ours, and therefore it was arbitrarily adjusted to match 
our results.) In both calculations q- is equal to 8 k1 
and the smoothing function M(q) defined by eq 13 is used. 

h L Y 

a 
2 
e 
t 

r (A) 
Figure 4. Radial distribution functions derived from Fourier 
transform of the corresponding intensity functions A, B, and C 
shown in Figure 2. The thin solid curve is the radial distribution 
function determined by Schubach et al." from their X-ray 
measurement. 

There is a fairly good agreement between the experiment 
and calculation for r up to about 9 A, in regard to both the 
positions and shapea of the peaks, although some mismatch 
in the height of peak and depth of valle is apparent. The 

the dispositions of atoms constrained by bond lengths and 
bond angles, which are known with a fair degree of 
certainty, and it is therefore not surprising to see a rather 
good agreement in this range. For r larger than 10 A, the 
agreement is less satisfactory, although the overall shape 
of the curve is still fairly well reproduced, especially with 
confiiations A and 3. It is surprising that the apparently 
minor differences in the shape of the scattering curves 
among the three configurations, seen in Figure 2, cause 
such large differences in the radial distribution function 
at large r seen in Figure 4. 

To see how reproducible the experimental radial 
distribution functions are when obtained in different 
laboratories, the intensity data by Mitchell and Windle, 
shown in Figures 2 and 3, were subjected to the same 
Fourier transform procedure, and the result is compared 
in Figure 5 with the one published by Schubach et al. 
Here again, we see that the difference between the two 
experimental functions is appreciable, and the extent of 
discrepancy is at least comparable to the deviation of our 
calculated radial distribution functions from the one by 
Schubach et al. The radial distribution function derived 
by Wecker et al.ll differs even more markedly from either 
of the two curves in Figure 5. 

In the calculated curves in Figure 4, fine details are 
absent beyond r = 10 A, and only a large oscillation with 
a period of 4-5 A remains, whereas in the both experimental 
curves in Figure 5 small modulations are seen to persist 
at large r. These small ripples are likely to be artifacts 
introduced by truncation and some other experimental 

short-range correlations below about 5 l arise mostly from 
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Figure 5. Radial distribution function published by Schubach 
et al.7 (thin solid line) compared with the function obtained by 
Fourier transform of the intensity function by Mitchell and 
Windle'e (thick broken line). 
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Figure 6. The 500-ps run starting from configuration A was 
broken up into a sequence of five segmente of 100 ps each, and 
the RDP derived separately for each segment is plotted together 
here to show the changes in RDF that occur as the configuration 
of the polymer changes with time. 

errors. To see this, we have divided up the 500-ps run 
starting from configuration A into a sequence of 5 segments 
of 100 ps each and evaluated the RDF for each segment 
separately, which are plotted together in Figure 6. These 
five RDFs show clear differences in the long-range 
correlations beyond r about 9 A. Averaging of many of 
these RDFs that accrue during a long MD run should 
smooth out all the fine details in the large r range. The 
same would be true with an experimental RDF which 
essentially corresponds to an average over time and also 
over an ensemble of many different configurations. 
As mentioned earlier, we developed the all atom model 

program as a means of investigating any shortcomings of 
the united atom model that might arise as a result of the 
united atom approximation. It was to our great surprise 
that our all atom model gave curves, in both X-ray intensity 
and RDF, that showed much worse agreement with 
experiment. Figure 7 gives the ql(q)  curve obtained from 
a 200-ps run, which took its starting configuration from 
the configuration attained at the end of the 500-ps run A 
shown in Figures 2 and 4. Runs similarly based on 
configurations B and C give curves not very different from 
this one. They all deviate appreciably from the Mitchell- 
Windle data shown; the polymerization peak is all but 
obliterated, and the main amorphous peak is broader and 
less tall. In Figure 8 the RDF curve obtained in the same 

t 

0 5 10 15 

r (A) 
Figure 8. RDF (thick broken curve) calculated from the intensity 
curve in Figure 7, that was derived from MD simulation of the 
all atom model starting from configuration A, compared with the 
experimental RDF determined by Schubach et al." (thin solid 
curve). The mismatch is appreciable for r greater than 5 A. 

run is compared with the Schubach-Nagy-Heise data, and 
the agreement for r beyond 5 A is very poor. To gain some 
idea of what change in structure has brought about the 
loss of the polymerization peak, the following exercise was 
performed. The inset in Figure 9 shows a portion of the 
scattering curve by Mitchell and Windle16 (solid curve) 
and another one obtained from it by manually eliminating 
the polymerization peak (broken curve). The RDFs 
derived by Fourier transform from these two curves are 
shown in Figure 9. It is seen that the difference is not 
confined to any single atomic separation r but is spread 
over a wide r range centered around ca. 8 A (=2r/0.75 
A-l). It thus suggests that some long-range interactions 
involving nonbonded forces are apparently not correctly 
represented in our all atom force field, but we cannot say 
which of the parameters listed in Table 2 might be at 
fault. Incidentally, we also tried one of the widely available 
commercial molecular modeling programs to perform MD 
simulation of an all-atom, fully vibrational model of 
amorphous polystyrene. In this we took the built-in force- 
field parameters available in the program, which include 
electrostatic interactions due to partial charges residing 
on carbon and ita associated hydrogen atoms. It gave a 
result that resembled the one obtained from our all atom 
model, but its agreement with experiment was even less 
satisfactory. 
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Figure 10. Atomic pair correlation function gcc(r) evaluated 
from the 500-ps run starting from configuration A. 

As remarked earlier, the RDF derived from Fourier 
transformation of experimental intensity data is smeared. 
Now we examine the extent of such smearing. For this 
purpose we compare the RDF that can be obtained directly 
from the simulation result with the one that was obtained 
by first calculating the intensity function and then taking 
the Fourier transform of it. Figures 10-12 give the atomic 
pair distribution functions gcc, gHH, and gCH, as defined 
in eq 10, that were derived from the trajectory of the 500- 
ps run starting from configuration A (and after the 
Gaussian broadening with u = 0.04 A was applied). In the 
case of gcc one can clearly recognize five distinct peaks for 
r below 4 A, but for r beyond 5 A individual peaks are no 
longer recognizable because of overlap of interatomic pairs 
having closely similar separations and also because of the 
effect of averaging over configurations changing with time. 
The contributions of individual atomic pair correlation 
functions gcc, &H, and gCH to the intensity function are 
to be weighted, according to eq 9, by fc2xc2, fH2xd, and 
2fCfHXCXH, respectively. Because of the difference in q 
dependency between f&) and f ~ ( q ) ,  these weighting 
factors change, in their relative magnitude, as q changes. 
In the hypothetical case where the ratiofc(q)/fH(q) is fixed 
to the ratio &/ZH of the atomic numbers and remains 
constant, the Fourier transform of the intensity would 
give38 a RDF related to gcc, g", and gCH by 
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Figure 11. Same as Figure 10 but the pair correlation function 
is for H-H pairs. 
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Figure 12. Same as Figure 10 but the pair correlation function 
is for C-H pairs. 

The "desmeared" RDF A&r) evaluated according to eq 14 
is plotted in Figure 13. Also shown in dotted line, for 
comparison, is the ('smeared'' RDF presented in Figure 4 
as curve A. We see that among the two clearlyrecognizable 
peaks in the X-ray-smeared RDF, the fiist peak arises 
from an overlap of two peaks and the second peak from 
an overlap of three peaks. The comparison shows that 
the amount of structural information that can be obtained 
from the RDF based on X-ray measurement is severely 
limited by such a smearing effect. 

The smearing arises partly because of the unequal q 
dependence of fc and fH but also because of the effect of 
multiplying the scattering intensity by the smoothing 
functionM(q) before Fourier transformation. The Fourier 
transform of sin(q/q,,&/(xq/q,) is equal to (qmaJ27r)- 
II(rqmaJ24, where n(x) is a function*s equal to 1 for bl 
5 '/z and equal to0 for bl> '/z. Therefore the consequence 
of multiplying i(q) with the smoothing function M(q)  
defined in (13) before the intagration is approximately 
equivalent to convoluting the RDF with (qmaJ27r)II(rqmaJ 
2 ~ )  after the Fourier transformation. When q, is equal 
to 8 A-1, as is the case with most X-ray studies using Cu 
Ka radiation, the width of the II(rqmaJ27r) function is 
approximately f0.4 A. The resolution of the RDF 
convoluted with (qmax/27r)II(rq,d2s) is therefore limited 
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all atom model. The purpose of studying the all atom 
model was to see the extent of approximation that might 
be introduced in the united atom model at  the price of 
computational efficiency. To our surprise, the all atom 
model produced results much worse than the united atom 
model for a reason that is not understood at  this time. 

The degree to which our models succeeded in simulating 
the real polymer was tested by calculating an X-ray 
scattering intensity curve and comparing it with experi- 
mental curves. The MD programs were run for three 
different chain configurations, the first two having the 
same stereochemical sequences and the third having an 
entirely different sequence. The ql(q)  curves calculated 
with the united atom model program agree fairly well with 
the experimental data published by Mitchell and Windle.16 
The positions and shapes of the peaks, including the so- 
called “polymerization peak”, agree well, while there are 
some minor differences in the heights of the peaks. The 
results derived from the three starting configurations differ 
from each other to aminor extent. The degree of mismatch 
between simulation and experiment is, moreover, com- 
parable to the degree of discrepancy between published 
experimental curves obtained by different groups of 
workers. It suggests that if there exists any need to further 
improve our model, such an effort cannot be guided by 
trying to achieve a better agreement with experimental 
X-ray intensity curves. 

As a further means of testing our simulation results 
against experiment, we computed the atomic radial 
distribution function Ap(r) from the intensity curve by 
following a Fourier transform procedure in exactly the 
same way as it was applied to the analysis of experimental 
data. The RDFs obtained with the united atom model 
program give a good agreement with the experimental 
curve published by Schubach et al.” for the range of r less 
than about 9 A but the agreement at  larger r (>lo A) was 
only moderate. When two experimentally determined 
RDFs were compared, their agreement with each other 
were worse, again suggesting that existing X-ray data are 
not accurate enough to provide a guide for improving 
simulation models. 

When the all atom model program was used, the results 
obtained were clearly inferior, showing that the calculated 
ql(q)  curve deviates clearly from the experimental one in 
the low q range (<2 A-l) and the calculated RDF fails to 
reproduce even the overall trend in the region of r larger 
than about 5 A. We also tried one of the commercial 
software programs to build an all atom, fully vibrational 
model of atactic polystyrene with a force field that includes 
electrostatic interactions due to partial atomic charges, 
but the result was even worse than the one obtained with 
our own all atom model. 

The RDF derived from Fourier transform of X-ray 
intensities is smeared because of the difference in the q 
dependence of the X-ray atomic scattering factors for C 
and H atoms and because of the limited q range available 
for expe_rimental measurement. We evaluated the atomic 
RDF Ap(r), which is unmodified by such smearing, by 
analyzing the atomic coordinates obtained from the 
simulation. The result illustrates the extremely large effect 
of such smearing and the rather limited amount of 
information that can be derived from the experimental 
RDF. From examination of the calculated RDF and the 
changes that occur to it as the polymer molecule moves 
with time in the simulation, it can also be inferred that 
much of the fine details exhibited in the experimental 
RDF are artifacts due to erroneous processing of experi- 
mental intensity data. 
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Figure 13. _The solid curve is the Ydesmeared” radial distribution 
function Ap(r),  which is the weighted average of the three pair 
distribution functions shown in Figures 10-12. The broken curve 
is the X-ray-smeared RDF (shown earlier in Figure 4 as curve A), 
which were obtained by using the same method of analysis as 
normally employed to process experimental X-ray intensity data. 

at most to about h0.4 A, and this explains why the sharp 
peaks in the lower r region in FigureA13 are severely 
smeared. At larger r, the peaks in Ap(r) are already 
smeared due to the overlap of many different pair 
distances, even without the additional smearing due to 
the smoothing function. If, on the other hand, a smoothing 
function is not used at all in (12) and the integration is 
simply truncated beyond an upper limit q-, the effect 
is the same as having multiplied i (q)  with a smoothing 
function M(q) = II(q/2qm=). The Fourier transform of 
the latter is sin(rqma)/(w), which has a m&n peak with 
a half-width at half-maximum roughly equal to r = 0.6/ 
qma (or ca. 0.08 A when qma = 8 A-l) and many subsidiary 
oscillations at larger r with ever diminishing amplitudes. 
The RDF obtained without a smoothing function is 
equivalent to the convolution product of the true RDF 
with sin(rq-)/(rr), and therefore its sharp peaks at  low 
rare smeared to a much lesser degree. On the other hand, 
the slow oscillations at higher r are modulated with many 
smaller spurious peaks. It appears therefore that the use 
of a smoothing function in the Fourier transform is useful 
for the study of features in the RDF occurring at higher 
r, but the features in the RDF at lower r are relatively 
better resolved when a smoothing function is not used at 
all. 

Summary 
The short-range order in amorphous polystyrene, i.e., 

the way atoms and segments are packed in the vicinity of 
each other to produce the dense glassy structure, has been 
the subject of interest by many since almost the inception 
of polymer science. Over the years more X-ray scattering 
studies have been performed on polystyrene than on any 
other amorphous polymer. The technique of molecular 
dynamics simulation, which has now become widely 
available for the study of polymers, has been applied in 
this work to this long-standing problem. We apply the 
MD technique to two models of atactic polystyrene, a 
united atom model and an all atom model. In both models 
the bond lengths are held fixed, and the phenyl group is 
constrained to be a rigid, planar hexagon. The SHAKE 
algorithm28 and the constrained geometry algorithm of 
Ciccotti et al.19 were used. The basic MD cell contained 
an atactic chain consisting of 80 styrene monomer units. 
The computational speed of the united atom model was 
found to be about an order of magnitude greater than the 
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Appendix 
We here give a brief comment on the implementation 

of the constrained geometry algorithm of Ciccotti et al.19*20 
(CFR) and the use of the SHAKE routine in association 
with it. 

The CFR algorithm deals with the case where the 
positions of secondary atoms can be fully expressed as 
linear combinations of the position vectors Ri of the base 
atoms. The equation of motion of the base atom can be 
written, in its most general form, as (see eq 11 of CFR) 

a 

where Di, and Gij are time-independent constants with 
the dimensions of an inverse mass, and fa and Fj are the 
potential forces acting on the secondary and base atoms, 
respectively. In (15) we have ignored the constraint forces 
coming from the bond-length constraints on the base 
atoms, since these constraints will be enforced using the 
SHAKE method. In the united atom representation of 
the phenyl ring, there are three base atoms and three 
secondary atoms so that D, and Gij are three by three 
matrices. In this particular case Gij is in fact diagonal: 

' I  1 [G,,] = [- - - m, + m,' 2m,' 2m, 
On the other hand, in the all atom representation of the 
phenyl ring, we have eight secondary atoms (three C and 
five H), so that Di, is a three by eight matrix, and the 
off-diagonal elements of Gij are also different from zero. 

With regard to the application of the SHAKE routine, 
we should note that eq 15 is the result of a geometric 
construction (eq 6 of CFR) which applies irrespective of 
the character of the forces involved. In particular, it applies 
to constraint forces such as the ones introduced in the 
SHAKE method for bond-length constraints. In the 
SHAKE method, we apply recursively constraint-restoring 
forces to each pair of atoms connected by a bond. At each 
stage of the recursive process, the chosen magnitude of 
the force (equal for the two atoms) is, to some extent, a 
matter of convenience (although the final value is of course 
uniquely determined by the constrained equations of 
motion), but the force should always be directed along the 
original (unmoved) bond, in opposite directions for the 
two atoms. Ordinarily, therefore, this means that the 
acceleration and the induced restoring displacement of 
the two atoms along the bond will be inversely proportional 
to their masses. When we apply the SHAKE routine in 
combination with the geometric construction described 
in CFR, only the base atoms require adjustment, but we 
can no longer assume that the restoring displacement of 
an atom is simply proportional to the constraint force 
applied to it, since the rigid constraints introduced by the 
geometric construction require, in general, a transfer of 
force among the base atoms as well as between the 
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secondary and the base atoms. That is, the off-diagonal 
elements of Gij are, in general, different from zero, as is 
the case with our all atom representation of the phenyl 
ring. Even in the special case where Gij is diagonal (as in 
the united atom representation of the phenyl ring), the 
element Gij does not, in general, coincide with the inverse 
mass of the ith base particle (see above), and the magnitude 
of the restoring displacement is therefore affected. 
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